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An effective approach for estimating turbulence–chemistry interaction in hypersonic turbulent boundary layers is

proposed, based on “laminar-chemistry” Reynolds-averaged Navier–Stokes mean flow solutions. The approach

combines an assumed probability density functionwith a temperature fluctuation scaling, which provides the second

moment for specifying the shape of the probability density function. As a result, the effects of temperature fluctuation

on chemical production rates can be estimated without solving an additional moment evolution equation. The

validity of this method is demonstrated using direct-numerical-simulation data. This approach can be used to

identify regions with potentially significant turbulence–chemistry interaction in hypersonic boundary layers, and it

provides guidance on whether or not additional efforts need to be taken to model turbulence–chemistry interaction

under selected flow conditions.

Nomenclature

c = concentration, cs � �s=Ws, mol=m3

H = shape factor, ��=�, dimensionless
h = specific enthalpy, J=kg
h� = heat of formation, J=kg
Keq = equilibrium constant
k = reaction rate coefficient or turbulence kinetic energy,

�u02 � v02 � w02�=2, m2=s2

M = Mach number, dimensionless
ns = total number of species, dimensionless
Re�2 = Reynolds number, ��u��=�w, dimensionless
Re� = Reynolds number, ��u��=��, dimensionless
Re� = Reynolds number, �wu��=�w, dimensionless
T = temperature, K
Ta = activation temperature, K
u = streamwise velocity, m=s
v = spanwise velocity, m=s
W = molecular weight, kg=mol
w = chemical production rate, kg=m3s, or wall-normal

velocity, m=s
Y = mass fraction, dimensionless
� = boundary-layer thickness, mm
�� = displacement thickness, mm
� = momentum thickness, mm
� = stoichiometric coefficient, dimensionless
� = density, kg=m3

Subscripts

b = backward reaction
f = forward reaction
s = chemical species
w = wall variables
x, y, z = streamwise, spanwise, and wall-normal directions,

respectively, for spatial coordinates
� = boundary-layer edge

Superscript

� = inner wall units

I. Introduction

T HE boundary layers on hypersonic systems, including reentry
capsules and airbreathing vehicles, are turbulent and chemically

reacting. Fluctuations in temperature and species composition cause
fluctuations in species production rate ws�T; cs�. Because of the
nonlinear dependence of ws on its parameters (primarily temper-
ature), we have

ws�T; cs� ≠ ws� �T; �cs�

and the difference is referred to as turbulence–chemistry interaction
(TCI), where overbar indicates a mean quantity.

Most previous studies for TCI focused on mixing layers for
combustion applications. In turbulent combustion, TCI significantly
influences the extent of mixing between high-speed streams of fuel
and oxidizer, as well as the reaction rates, and is important for
predicting many phenomena such as flame stabilization and ignition
time delay [1–7]. Significant efforts have been devoted to model the
interrelationship between turbulence and chemistry, and several
methods for the closure of the chemical source term have been
proposed, one of which is the probability-density-function (PDF)
method [6–8].

For hypersonic boundary layers, state-of-the-art calculations have
neglected the effects of TCI, and the error introduced by such a
simplification is largely uncertain. Duan and Martín [9] investigated
TCI in boundary layers under two typical hypersonic conditions,
which represent those on blunt and slender-body hypersonic
vehicles, respectively, during Earth reentry. They found that TCI has
no sizable influence on most mean flow quantities but significantly
influences fluctuation quantities, such as temperature and species
concentration fluctuations. In addition, they proposed two governing
parameters, the interaction Damköhler number and the interaction
relative heat release, to measure the mass and heat production effects
due to TCI, and demonstrated the effectiveness of these governing
parameters in predicting the influence of TCI on flow composition
and temperature. However, the evaluation of these governing param-
eters depends on the knowledge of w�T; c�, which is not readily
available from the mean flow.

Because of the large extent of the parameter space, including
permutations of flow conditions, atmospheric and added- or wall-
catalytic chemical mechanisms, and the small subset of those that
have been explored so far, whether TCI has an effect on the mean
flow has not yet been addressed. Because high-order modeling
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approaches like direct numerical simulation (DNS) and large-eddy
simulation are computationally intensive, and the use of steady-state
Reynolds-averaged Navier–Stokes (RANS) models is the tool of
choice for routine design purposes [10], it would be useful to have a
method to predict the intensity of TCI in the context of RANS before
actually doing more expensive simulations, such as DNS, or taking
extra efforts to include TCI models.

Martín and Candler [11,12] noticed that for external hypersonic
airflows, the chemical source term has a strong temperature
dependence. This can be seen by representing the variables as the
mean and fluctuating quantities: T � �T � T 0 and cs � �cs � c0s.
Taking one of the predominant air reactions, binary dissociation of
nitrogen N2 �M! 2N�M, the source term to a first-order
approximation in fluctuating quantities is

wN2
� �wN2

� �wN2

��
Ta
�T
� b

�
T 0

�T
�
c0N2

cN2

� c
0
M

�cM

�
� . . . (1)

where b is the constant in Eq. (4) and �w�w� �T; �c�. The variations of
wN2

caused by temperature fluctuations may be especially large,
because Ta is an order of magnitude larger than typical flow
temperatures.

The current study introduces a method to estimate the effects of
temperature fluctuations on chemical production rates, or temper-
ature TCI, in the context of RANS. The method combines an
assumed PDF [2,6,13,14]with a temperature fluctuation scaling. The
assumed PDFs are Gaussian or � distributions, which require values
for the first and second moments. The first moment is available from
solving the RANS equations, and a temperature scaling (TS) is
derived to relate the second moment to the first. In the rest of the
paper, this approach is named PDF–TS, i.e., PDF with TS, for
simplicity.

The paper is structured as follows. The production rate calculation
for finite rate chemistry in chemically reactingflow is given in Sec. II.
The definitions of TCI governing parameters and their physical
significance are given in Sec. III. The details of PDF–TS method,
including the assumed PDF and TS, are introduced in Sec. IV. The
DNS validation of PDF–TS is given in Sec. V. Summaries and
comments are given in Sec. VI. Finally, conclusions are drawn in
Sec. VII.

II. Chemical Production Term

For a reaction

Xns
i�1

�0iMi�
Xns
i�1

�00i Mi (2)

the chemical production rate ws can be defined by the law of mass
action to be

ws �Ws��00s � �0s��!f � !b�

�Ws��00s � �0s�
�
kf
Yns
i�1
c
�0i
i � kb

Yns
i�1
c
�00i
i

�
(3)

where �0i and �
00
i are the stoichiometric coefficients of the reactants

and products, respectively. !f and !b are independent of particular
species and can be taken as the reaction rates of the forward and
backward reactions, respectively. The forward reaction rate
coefficient kf can be determined from the Arrhenius expression:

kf � ATb exp
�
�Ta
T

�
(4)

where A and b are constants. The backward reaction rate coefficient
is given by

kb �
kf
Keq

(5)

where the equilibrium constant Keq is a function of T and can be
determined using curve fits [15]:

Keq � C exp�A1=Z� A2 � A3ln�Z� � A4Z� A5Z
2� (6)

where Z� 10; 000=T, A1–A5 are curve-fit coefficients, and C is the
unit conversion factor.

Equations (3–5) show that ws�T; c� depends nonlinearly on its
parameters (primarily temperature). As a result, ws�T; c� is usually
different fromws� �T; �c�. The former can be referred as the “turbulent”
reaction rate, in which turbulence fluctuations, including both
temperature and species fluctuations, have been taken into account,
and the latter can be referred as “laminar” reaction rate (although �T
and �ci are mean turbulent profiles), which we would obtain if there
were no turbulentfluctuations. Thegreater the difference between the
two, the more significant TCI is.

III. Governing Parameters for Estimating
Turbulence–Chemistry Interaction

In the study of TCI for hypersonic turbulent boundary layers,
Duan and Martín [9] introduced species “interaction” Damköhler
number DaIs and interaction relative heat release �hI to provide a
prediction of the influence of TCI on the turbulent flowfield. The
species interaction Damköhler number DaIs and interaction relative
heat release �hI are defined as

DaIs 	
�����ws�T; c� � ws�

�T; �c���t
��s

����
�hI 	

P
ns
i�1�wi�T; c� � wi� �T; �c��h�i �tP

ns
i�1 ��i�hi� �T� � 1

2
�uk �uk�

(7)

where �t is some turbulence time scale, here defined as the large-eddy
turnover time �=u�.

The species interaction Damköhler number represents the relative
increase in the species production during the characteristic flow time
and is a measure of species production effects due to TCI. The
interaction relative heat release represents the relative enhancement
in chemical heat release during the characteristic flow time and is a
measure of heat production effects due to TCI. If the magnitude of
DaIs is close to or larger than unity, a significant change in cs byTCI is
expected. When�hI is large, we expect a large influence of TCI on
the temperature field. The effectiveness of both parameters for
estimating the relative importance of TCI on the flowfield has been
demonstrated by Duan and Martín [9].

To investigate the relative importance of temperature TCI alone,
on chemical mass and heat production, DaIs and �hI are defined as

DaIs 	
�����ws�T; �c� � ws�

�T; �c���t
��s

����
�hI 	

P
ns
i�1�wi�T; �c� � wi� �T; �c��h�i �tP

ns
i�1 ��i�hi� �T� � 1

2
�uk �uk�

(8)

where ws�T; c� in Eq. (7) has been substituted by ws�T; �c�. In the
next section, we introduce the PDF–TS method to provide an
estimate of ws�T; �c� in the context of RANS simulation.

IV. Probability-Density-Function–Temperature-
Scaling Method

In this section, we introduce the PDF–TS method for estimating
temperature TCI in the context of RANS by combining an assumed
PDF with a temperature fluctuation scaling.

Table 1 Freestream and wall parameters for the

larger domain finite volume RANS calculations

M1 �1, kg=m3 T1, K Tw, K ht;1, MJ=kg �, �

21 0.0184 226.5 2400.0 20 8
21 0.0184 226.5 2400.0 20 35
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A. Assumed Probability-Density-Function Forms and Parameters

The influence of temperature fluctuation on ws�T; c� manifests
itself in k�T�, where k can be either kf or kb, and k�T� ≠ k� �T�. The
reaction rate coefficients k�T� can be evaluated by the assumed PDF
approach, i.e.,

k�T� �
Z 1
0

k�T�P�T� dT (9)

where P�T� is the PDF of T. Several forms of P�T� have been
proposed bymultiple researchers [2,6,13,14], including theGaussian
PDF and the � PDF. The Gaussian PDF is given by

P�T� � 1��������������
2	T 02rms

p exp

�
� �T �

�T�2
2T02rms

�
(10)

Thus, theGaussian PDF is completely determined by �T andT 02rms, or �T
and temperature intensity T0rms

�T
.

The � PDF is given by

P�r� � r
�1�1�1 � r��2�1
���1����2�

���1 � �2� (11)

where � is the gamma function and

�1 � �r

�
�r�1 � �r�
r0r0

� 1

�

�2 � �1 � �r�
�
�r�1 � �r�
r0r0

� 1

�

with 0< r < 1. The r in Eq. (11) is related to temperature by the
following transformation:

r� T � Tmin

Tmax � Tmin

(12)

The transformation gives

�r�
�T � Tmin

Tmax � Tmin

(13)

and

r0r0 � T 02rms

�Tmax � Tmin�2
(14)

Thus, the � PDF is completely determined from �T, T 02rms, Tmin, and
Tmax.

The Gaussian PDF and � PDF are completely specified by the
mean temperature and temperature fluctuation variance.

B. Temperature Fluctuation Scaling in Hypersonic Boundary Layers

Both the mean temperature and temperature fluctuation variance
are needed to specify the assumed Gaussian or � PDFs, as shown in
Sec. IV.A. The mean temperature is readily available from the
solutions of RANS equations. An additional temperature fluctuation
scaling is introduced to connect temperature fluctuation intensity
with the flow quantities that can be evaluated using RANS solutions.

Here, we use a generalized version of Huang et al.’s strong
Reynolds analogy [16] (HSRA) to relate the temperature fluctuation
intensity to the streamwise velocity fluctuation intensity. HSRA has
beenvalidated andwidely used for nonreacting hypersonic boundary
layers with adiabatic and nonadiabatic walls [17–20]. By removing
calorically perfect gas assumption used in the derivation, HSRA can
be generalized for flows with variable heat capacities and chemical
reactions [21]. A cursory description of the derivation of the
generalized HSRA is given next.

First, the temperature fluctuations and velocity fluctuations are
related using the “mixing length” relation [16,22]:

lu / u0rms=j@ �u=@zj; lT / T 0rms=j@ �T=@zj (15)

Fig. 1 DNS subdomain fromRANS solution for the study of TCI. The Reynolds numberRes � �1u1s=�1, where s is the distance between the leading
edge of the lifting body and the location of the DNS subdomain.

Table 2 Dimensional boundary-layer-edge andwall parameters for the DNS cases.Taw � T1�1� r��� � 1�=2�M2
1�with r� 0:9

Cases M� ��, kg=m3 T�, K Tw, K Tw=Taw Re� Re� Re�2 �, mm H �, mm

Wedge35supercata 3.4 0.173 4474.5 2400.0 0.13 966.2 906.4 1544.5 0.154 1.79 1.397
Wedge35noncata 3.4 0.172 4505.9 2400.0 0.13 1011.1 910.3 1553.9 0.162 2.18 1.611
Wedge8supercata 9.4 0.070 1290.9 2400.0 0.13 3026.1 786.0 1952.0 0.363 15.0 9.09
Wedge8noncata 9.3 0.072 1234.5 2400.0 0.13 3058.1 741.0 1941.0 0.360 14.9 8.87

Table 3 Arrhenius parameters for Eq. (4) for the five-species, five-

reaction mechanism (formula 20). The corresponding equilibrium
constants are computed from the Gibbs free energy as functions of

temperature and then fitted to Park expressions [15]

Reaction A, m3=kg s b Ta, K

R1 7:00e� 18 �1:60e� 00 113,200
R2 2:00e� 13 �3:82e� 00 59,500
R3 5:00e� 12 �0:00e� 00 75,500
R4 6:40e� 14 �1:00e� 00 38,400
R5 8:40e� 09 �0:00e� 00 19,450
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where lu and lT are turbulent mixing length for velocity and
temperature, respectively. With lu=lT � Prt [16], we have

T 0rms � f�u0rms� �
���� 1Prt

@ �T

@ �u

����u0rms (16)

Because for most cases it is the turbulent kinetic energy k rather
than the streamwise turbulence intensity u0rms that is readily available
in the context of RANS calculations [23], we further relate the
streamwise turbulence intensity u0rms in Eq. (16) to the turbulent
kinetic energy k by

u0rms � CM
���
k
p

(17)

where CM is the proportionality factor. The value of CM is related to
the anisotropy ratios v0rms=u

0
rms and w0rms=u

0
rms, which have been

found to be insensitive to freestreamMachnumber,wall temperature,
and enthalpy conditions [19–21].

After combining Eqs. (16) and (17), we get a scaling for the
temperature fluctuation intensity as

T 0rms � CM
���� 1Prt

@ �T

@ �u

����
���
k
p

(18)

Equation (18) can be used to evaluate T 0rms in the context of typical
RANS solutions. The right-hand side of Eq. (18) includes mean
quantities as well as the turbulent kinetic energy k and turbulent
Prandtl numberPrt, all ofwhich are available in the context of typical
RANS calculations, such as standard k � " model with the gradient
transport model [10,23].

C. Combining Probability Density Function

with Temperature Scaling

The steps for using PDF–TS are summarized as follows:
1) Evaluate T0rms using the TS [Eq. (18)].

Table 4 Curve-fit coefficients for equilibrium constants Keq [Eq. (6)] using Park expressions [15]

Reaction C A1 A2 A3 A4 A5

R1 1.e6 1:6060e� 0 �1:5732e� 0 1:3923e� 0 �1:1553e� 1 �4:5430e� 3
R2 1.e6 6:4183e � 1 2:4253e� 0 1:9026e� 0 �6:6277e� 0 3:5151e � 2
R3 1.e6 6:3817e � 1 6:8189e � 1 6:6336e � 1 �7:5773e� 0 �1:1025e� 2
R4 1.0 9:6794e � 1 8:9131e � 1 7:2910e � 1 �3:9555e� 0 6:4880e � 3
R5 1.0 �3:7320e� 3 �1:7434e� 0 �1:2394e� 0 �9:4952e � 1 �1:46341e� 1

z/δ

〈T
〉

0 0.5 1
1000

2000

3000

4000

5000

WEDGE35supercata
WEDGE35noncata
WEDGE8supercata
WEDGE8noncata

z/δ

〈Y
O

〉

0 0.5 1

0

0.05

0.1

0.15

0.2

a) b)
Fig. 2 Mean profiles for a) temperature and b) O mass fraction.

z/δ z/δ
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’ rm

s
/〈T

〉
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0

0.05
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0.2

0.25
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0.35

0.4

WEDGE3535supercata
WEDGE3535noncata
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Y
’ O

,r
m

s

0 0.5 1
0

0.005

0.01

0.015
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0.025

0.03

a) b)

Fig. 3 RMS of fluctuations in a) temperature and b) O mass fractions.
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2)Calculate reaction rate coefficients k�T� for each reactions using
Eq. (9), with P�T� being Gaussian or � distribution function.

3) Estimate turbulent species production rates ws�T; �c� using the
formula

ws�T; �c� �Ws��00s � �0s�
�
kf�T�

Yns
i�1

�c
�0i
i � kb�T�

Yns
i�1

�c
�00i
i

�
(19)

4) Compute temperature TCI intensity w�T; �c� � w� �T; �c� as well
as the governing parameters DaIs and �hI , using Eq. (8).

V. Probability-Density-Function–Temperature-
Scaling Validation

A. Direct Numerical Simulation of Hypersonic Turbulent

Boundary Layers

In this section, we introduce the DNS data that are used to provide
a validation for the key assumptions made in deriving PDF–TS as
well as the overall performance of PDF–TS. The DNS of hypersonic
boundary layers are conducted under typical hypersonic conditions,
which represent the boundary layer on a lifting body consisting of a
flat plate, flying at 30 kmwith aMach number 21 and inclined angles
35 and 8�, denoted as wedge35 and wedge8, respectively. The
freestream conditions upstream of the leading-edge shock as well as
thewall temperature are given in Table 1. For casewedge35, the large
angle of attack results in high postshock temperature and chemically
dissociated gas in the boundary-layer edge, and the boundary layer is
representative of that on a blunt body. For case wedge8, the angle of

attack is small, and the flow at the boundary-layer edge remains cold
and nonreacting, although due to recovery effects the temperature
rises within the boundary layer and the flow is partially dissociated.
The boundary layer in this case is typical of those on a slender-body
hypersonic vehicle. For both cases, the boundary-layer-edge
conditions for the DNS domain are established by extracting them
from a larger domain finite volume RANS calculation using the data
parallel line relaxation code [24], which is obtained using a five-
species-air-reaction mechanism [Eq. (20)] and considers chemical
processes offive species:N2,O2,NO,N, andO. Figure 1 sketches the
entire computational domain for RANS calculation and the DNS
subdomain identified to explore TCI for both conditions. The
location of the DNS subdomain is significantly downstream of the
leading edge, where the Reynolds number is large enough for
the flow to be fully turbulent. In addition, in order to investigate the
influence of species boundary conditions on TCI, we consider both
“supercatalytic” and “noncatalytic” surface-catalytic models for
each flow conditions. The supercatalytic and noncatalytic surface-
catalytic models used in the current analysis are representative of the
extreme conditions that might happen at the surface of a reentry
flight. For simplicity, we refer to wedge35 with supercatalytic
wall as wedge35supercata and wedge35 with noncatalytic wall as
wedge35noncata. Similar definitions are used for case wedge8.
Table 2 lists the boundary-layer-edge conditions andwall parameters
for all DNS cases.

The details of DNS, including flow initialization, governing
equations and constitutive relations, numerical methods, and data
validation are discussed in Duan and Martín [9,21].

The gas-phase reactions in DNS are modeled using the five-
species-air-reaction mechanism (N2, O2, NO, N, and O) with
Arrhenius parameters [15], shown as follows:

z/δ

〈k
f〉

0 0.2 0.4 0.6 0.8 1
10-6

10-4

10-2

100

102

104

106

DNS
Gaussian PDF
Beta PDF

R1

R2

R3

R4R5

z/δ

z/δ z/δ

〈k
f〉

0 0.2 0.4 0.6 0.8 1
10-6

10-4
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104

106
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R3

R4R5
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10-7

10-5

10-3

10-1
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R4
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f〉
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R2

R3

R4

R5

a) b)

c) d)

Fig. 4 Mean forward reaction rate constants computed by averaging DNS flowfields and assumed PDF methods: a) wedge35supercata,

b) wedge35noncata, c) wedge8supercata, and d) wedge8noncata.
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N2 �M� 2N�M �R1� O2 �M� 2O�M �R2�
NO�M� N� O�M �R3� N2 � O� NO� N �R4�

NO� O� O2 � N �R5� (20)

with the Arrhenius coefficients in Eq. (4) and the curve-fit
coefficients in Eq. (6) given in Tables 3 and 4, respectively. The
reacting mechanism represents the realistic reactions of air before
ionization happens, which is a good approximation at temperatures
less than about 10,000 K.

At the selected flow conditions, the temperature is high enough to
partially dissociate the flow, as shown in Figs. 2a and 2b, inwhich the
mean temperature and the mass fractions of atomic oxygen are
plotted. In addition, Figs. 3a and 3b show the levels of fluctuation
magnitude in both temperature and species compositions for all
cases.

B. Temperature-Scaling Evaluation and Comparison with

Direct-Numerical-Simulation Data

To demonstrate the performance of various assumed forms of
temperature PDFs, Fig. 4 plots k�T�, calculated by averaging DNS
flowfields or followingEq. (9) usingGaussian or�PDF, for reactions
R1 to R5. The integrations in Eq. (9) for both forms of PDF are
numerically performed between Tmin � �T � 3T 0rms and Tmax � �T �
3T 0rms [14]. The results are insensitive to the shape of the PDF for all
the cases, similar to the observations by Baurle [25] and Bray and
Moss [26] for combustion flows. The match between PDF and DNS
results is excellent throughout the boundary layer for wedge35 cases.
For casewedge8, good agreement is achieved for z

�

 0:6. At z

�
> 0:6,

where �T is relatively small and there is nearly no chemical reactions,
the PDF results underpredict the correct results.

In terms of the performance of the TS, Fig. 5 plots T 0rms=T,
calculated by averaging DNS flowfields or following Eq. (16), for all
DNS cases. It is shown that reasonable match between the two is
achieved through most of the boundary layer. In particular, the
temperature fluctuation scaling correctly predicts the peak location
and the general shape of temperature fluctuation intensity. The poor
performance of Eq. (16) near the peak location of �T, or the crossover
location, where @ �T=@z� 0, can be understood by the fact that the
mixing length assumption, where lT � T 0rms=�@ �T=@z�, no longer
holds at @ �T

@z
� 0.

z/δ

T
’ rm

s/〈
T

〉

0 0.2 0.4 0.6 0.8 1 1.2

0

0.02

0.04

0.06

0.08

0.1

0.12

DNS
TS

z/δ

T
’ rm

s/〈
T

〉

0 0.2 0.4 0.6 0.8 1 1.2

0

0.02

0.04

0.06

0.08

0.1

0.12

z/δ

T
’ rm

s/〈
T

〉

0 0.2 0.4 0.6 0.8 1 1.2
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

z/δ

T
’ rm

s/〈
T

〉

0 0.2 0.4 0.6 0.8 1 1.2
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

a) b)

c) d)

Fig. 5 Temperature fluctuation intensity computed using DNS flowfields or the temperature fluctuation scaling given by Eq. (16).

Constant Prt is assumed with value 1.0 in the temperature fluctuation scaling: a) wedge35supercata, b) wedge35noncata, c) wedge8supercata, and
d) wedge8noncata.
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Mach number, wall temperature, and enthalpy conditions [19,20].
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The insensitivity of the proportionality factor CM [defined in
Eq. (17)] with flow conditions can be demonstrated by DNS results
across a wide range of freestream Mach number, wall temperature,
and enthalpy conditions, as is shown in Fig. 6. Through most of the
boundary layer, CM can be well approximated as

CM �
���
2
p

������������������������������������������
1� C�1 � e�D�z=���2

p (21)

with C� 1:06 and D� 15.
To demonstrate the overall performance of PDF–TS, Figs. 7 and 8

plot interaction Damköhler number DaIs and relative heat release
�hI , respectively, computed by averagingDNS flowfields and PDF–
TS method for various DNS cases. The PDF–TS method combines
the Gaussian PDF given by Eq. (10) and the TS given by Eq. (18),
with Prt � 1:0 and the value CM given by Eq. (21). It is shown that
overall PDF–TS method predicts the governing parameters to the
right order through most of the boundary layer. In particular, it
correctly captures the peak locations as well as the peak values for
various DNS cases. In addition, the relatively poor performance of
PDF–TS is observed near @ �T=@z� 0, due to the failure of the TS
[Eq. (18)].

The validation of the assumed PDFs, the TS, and PDF–TS has
been performed against DNS data in different downstream locations
along the wedge, and similar performance has been observed.

VI. Summaries and Comments

PDF–TS is a predictive method to estimate the intensity of TCI in
hypersonic boundary layers, based on laminar-chemistry RANS
calculations. It gives the sensitivity of chemical production rates to

temperature fluctuations, as well as an order-of-magnitude estimate
of the relative importance of temperature TCI after being combined
with the definitions of the governing parameters DaIs and �hI , and
thus it can provide guidance on whether or not to undertake further
efforts to model TCI under selected flow conditions.

It should be noted that, so far, only the temperature fluctuation
effects of TCI have been considered in PDF–TS, based on the general
consideration that the chemical reactions for hypersonic external
flows are overall endothermic and dominated by the dissociation of
nitrogen and oxygenmolecules. These reactions are characterized by
very large activation energy, with Ta typically an order of magnitude
larger than the maximum flow temperature. As a result, the reaction
rate is extremely sensitive to temperature variations. For situations
when the species composition fluctuations are equally or more
important, the current method provides only a subset of total regions
with significant TCI, and the inclusion of species composition
fluctuations may be necessary in order to give a more comprehensive
evaluation of TCI.

VII. Conclusions

An effective approach is presented to estimate the intensity of TCI.
This approach combines an assumed PDF with a temperature
fluctuation scaling, named PDF–TS. The assumed PDF is chosen to
be either Gaussian or �, and the temperature fluctuation scaling is
derived based on well-established boundary-layer relations.

It is shown that the assumed PDFmethod reproduces DNS results
very well, given the accurate mean temperature and temperature
fluctuation variance, which are used to specify the shape of PDF.
Both Gaussian and � PDF give results with negligible difference. In
terms of temperature fluctuation scaling proposed in this paper, it
correctly predicts the peak location, the peak value, and the general
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Fig. 7 Interaction Damköhler numberDaI
s computed by averaging DNS flowfields and PDF–TSmethod. The PDF–TSmethod combines the Gaussian

PDF given by Eq. (10) and the TS given by Eq. (18) with Prt � 1:0 and the value CM given by Eq. (21): a) wedge35supercata, b) wedge35noncata,

c) wedge8supercata, and d) wedge8noncata.
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shape of temperature fluctuation intensity. It is also shown that the
PDF–TS method correctly predicts the chemical production rates as
well as nondimensional governing parameters to the right order
through most of the boundary layer.

For RANS calculations with TCI neglected, PDF–TS provides a
sanity check on whether TCI is negligible. It can also be used to
identify regions where TCI could be potentially important, thus
providing guidance on whether or not to undertake further efforts to
model TCI under selected flow conditions.
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